We study string-gas cosmology in dilaton gravity, inspired by the fact that it naturally arises in a string theory context. Our main interest is the thermodynamical treatment of the stringgas and the resulting implications for the cosmology. Within an adiabatic approximation, thermodynamical equilibrium and a small, toroidal universe as initial conditions, we numerically solve the corresponding equations of motions in two different regimes describing the string-gas thermodynamics: (i) the Hagedorn regime, with a single scale factor, and (ii) an almost-radiation dominated regime, which includes the leading corrections due to the lightest Kaluza Klein and winding modes, with two scale factors. The scale factor in the Hagedorn regime exhibits very slow time evolution with nearly constant energy and negligible pressure. By contrast, in case (ii) we find interesting cosmological solutions where the large dimensions continue to expand and the small ones are kept undetectably small.
Introduction
String cosmology is rapidly growing in importance for at least two reasons. First, unless there is a fortunate conspiracy of scales and one or more of the extra dimensions are ∼ O(Tev −1 ) [1] , we cannot reasonably expect to detect any stringy effects in accelerators in the foreseable future. Hence string cosmology may provide the only means of testing string or M-theory concretely, through e.g. non-commutative effects [2] or the AdS/CFT correspondence [3] .
On the other hand, traditional cosmology has been fettered by the chains of the singularity theorems of General Relativity and is therefore usually only seen as understanding the evolution of our universe over the past 15 billion years or so since the Big Bang. String theory offers the exciting possibility of a resolution to the big bang singularity thereby opening up a potentially infinite pre-history of the big-bang. Models constructed in this vein include the pre-big-bang [4, 5] (see also [6, 7] ) and the recent ekpyrotic/cyclic models [8, 9] which has lead to new work on string propagation in orbifold backgrounds with curvature singularities [10] .
Traditional cosmology, because of the limitations of General Relativity, suffers from another great lacking: it is unable to make any predictions about the number of dimensions we live in or about the spatial topology of the Universe. String and M-theory theory, in contrast, predict that we live in either 10 or 11 spacetime dimensions. Perhaps the greatest challenge for string-cosmology, after understanding the big-bang singularity, is to explain why and how three dimensions became observable and large while 6 or 7 are either small or unobservable for some other reason. Perhaps the only proposal in this direction so far is the so-called BrandenbergerVafa (BV) scenario [11] where it is assumed that the universe is small and compact and that exactly three space dimensions become large because of the dynamics of winding modes, which play a particularly important role. Subsequently it has been pointed out in [4] that the low energy effective action of a dilaton-gravity system, naturally emerging in string theory, has a duality symmetry that is a manifestation of the string T-duality R → α ′ /R symmetry, that plays a crucial role in the analysis of [11] . In this respect, the dilaton-gravity system is more suitable than standard General Relativity for the BV scenario [11] . Although some works have already shown that the BV scenario can be realized and extended in a variety of ways [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22 ] (see also [23] ), a full string-theory analysis is very complicated and still not completed, even in the simplest toroidal compactification.
In this paper, inspired by the BV scenario, we numerically solve the dilaton-gravity equations of motion [12] with some types of "stringy matter". Adiabatic evolution (which implies constant entropy), weak string coupling and thermodynamical equilibrium are always assumed in our analysis. For simplicity, we analyze Type IIA or IIB closed string theory on a T 9 torus, with no branes 1 . In particular, we consider the following two regimes:
• (i) Hagedorn matter at high energy densities in a very small homogeneous and isotropic universe with a common compactification radius ∼ √ α ′ , and
• (ii) an almost-radiation dominated regime with two independent scale factors, associated with the large and small dimensions.
In the latter case, the lightest Kaluza Klein (KK) and winding mode contributions are also taken into account.
Another very important issue unexplored in this work is the transition from dilaton gravity to General Relativity. A common lore is to assume that supersymmetry breaking occurs at later times and stabilizes all moduli, including the dilaton, which then becomes massive 3 . It is not clear how the evolution of the large and small dimensions are altered by this transition to an effective description in terms of General Relativity. Notice, however, that if one considers in case (ii) pure radiation with no matter, then the late-time behaviour of the dilatonic gravity solutions lead to a standard Friedmann-Robertson-Walker (FRW) radiation-dominated cosmology for the large dimensions, whereas the small ones are constant. This behaviour nicely matches with the solution found by [26] in General Relativity in a purely KK extra-dimensional scenario.
Finally, we assume an adiabatic approximation to simplify the analysis. A deeper justification of this approximation, or the dynamics which arises when it is dropped, is required. One can naively expect dropping this condition to yield a wider variety of dynamics, including more violent evolution. This paper is organized as follows. In section 2 some general aspects of dilaton gravity are briefly reviewed. In section 3 we analyse the dynamics of the system in the extreme Hagedorn regime of high energy densities with a single scale factor. In section 4 the dilaton-gravity equations are solved in an almost-radiation dominated regime with large and small scale factors, as well as in the presence of some massive stringy matter. We present some conclusions in the final section and present some useful formulae in the appendix. We set the string scale α ′ = 1 in the following.
Dilaton gravity
We shall study the dilaton gravity equations of motion with a massless dilaton field Φ corresponding to the low-energy effective action of string theory in D + 1 space-time dimensions, described by [4, 5, 12] :
where g is the determinant of the background metric g µν , and L M corresponds to the Lagrangian of some matter. The coupling of Φ with gravity is the standard one arising in string theory. Hereafter we shall consider the case with D = 9. We are interested in the case where the whole universe is small and compact, corresponding to a flat T 9 -torus. In this case, if one considers field configurations that are spatially homogeneous, assuming only slow time-dependence and adopting an adiabatic approximation it has been shown in [4, 12] that the action (1) exhibits a duality symmetry, a low energy manifestation of the string T -duality R → 1/R symmetry. The ansatz for the metric and dilaton we use is
Here the R i denotes the i-th scale-factor of the torus. The equations of motion simplify if one introduces a shifted dilaton, ψ, via
Given the metric (2) the equations of motions of the dilaton-gravity system are then [12]
with E the total energy and P i the total pressure along the i-th direction found by multiplying the total spatial volume of the space by the energy density and pressure appearing in L M of (1).
Here a dot denotes derivative with respect to cosmic time, t. These equations are manifestly invariant under the duality symmetry [4, 12] 
under which ψ defined in eq. (3) is left invariant. It is typically assumed that the scale factors R i are the same in all directions, i.e. R i = R. In contrast, we also consider in section 4 a scenario where the background is homogeneous and isotropic in d-spatial large dimensions and (9 − d)-spatial small dimensions. We denote the large and small dimensions with their corresponding scale factors, as
In this case eqs. (4)-(6) take the form
where
in terms of the free energy F .
Hagedorn regime
According to the original BV proposal [11] , the very early universe was compact over all nine spatial dimensions with radii r ∼ 1 in string units. In this section we study the dilatongravity equations (4)- (6), with E and P the total energy and pressure of a free string gas in thermal equilibrium in such a compact, small universe. For simplicity, we consider the string gas associated with type IIA/IIB string theory compactified on a square T 9 -torus, simple product of nine circles, with radii all equal to a common value r = e λ . Although the strict thermodynamical limit V → ∞ cannot be taken for this system, thermodynamics is still trustable as long as the system contains many degrees of freedom. In our case, this implies having an energy density ρ ≫ 1. Our first step is then to derive the equation of state of the string matter in this regime, or equivalently the energy and pressure entering in eqs. (4)-(6).
Microcanonical ensemble
String thermodynamics in the high density phase has been a subject of intense study in the past (for a review see e.g. [27] ). The most important point is the emergence of a critical temperature, the Hagedorn temperature T H [28] , where the partition function of a free string gas diverges. It was soon realized that in this regime the usual thermodynamical equivalence between the canonical and microcanonical ensembles can break down and the latter, more fundamental ensemble, must hence be used. Furthermore, due to the presence of winding modes, the thermodynamical properties of a string system at finite volume differs substantially from that of an infinitely extended system [11, 29] . Following [29] , it is useful to derive the energy density of states Ω(E) by analyzing the singularities of the one-loop string partition function in the complex β-plane, where β = 1/T is the inverse temperature. This analysis has already been carried out in [29] but for completeness we report some useful details in the Appendix. For a totally compact space at high energy, the leading singularity (a simple pole) of the partition function at β = β H is not sufficient to establish the thermodynamical properties of the system [11, 29] . The first next-to-leading singularities are poles of order 18 with a dependence on the compactification radius. In this case a useful parametrization of the one-loop partition function Z is given in eq. (57), from which one computes the density of states Ω(E) by means of eq.(58) and thus the associated entropy S = log Ω(E) 4 . It reads
where β H = 2 √ 2π, and
The energy as a function of r is given directly by (15) , since S = constant, by the assumption of adiabatic evolution. On the other hand, the temperature and pressure, defined as
and
As usual in the microcanonical ensemble, the temperature is a derived quantity (from S and E) and its explicit form is needed only to compute the pressure P . When the radius r is close to unity, T and P are approximately given by
whereη ≃ η K ≃ η W for r ∼ 1, and C 1 and C 2 are certain polynomial functions ofη and η KW . We numerically solved the dilaton-gravity equations (4)- (6) using a standard Runge-Kutta routine. We adopted initial conditions around E 0 ∼ 1000, r 0 ∼ 1, which comes from the requirement of T-duality. The shifted dilaton is chosen to satisfy the condition e Φ ≪ 1 to ensure that the string coupling constant is initially small and hence that perturbation theory and the ideal gas approximation are trustable. The initial condition forλ is somewhat arbitrary and we have carried out simulations for a wide variety of different initial values ofλ. Notice thatψ 2 0 is fixed by the constraint equation (4) and that the negative solution is taken to remain in the perturbative regime of small string coupling constant.
For initial conditions r 0 ∈ [0.8, 1.2] and E 0 ∼ 1000, the temperature is very close to the Hagedorn temperature with a nearly constant value. This is clear from eq. (21), since the last term in (21) is vanishingly small relative to the first term, due to the exponential suppression given by e −ηE . Similarly we have P ≃ 0 for the above initial conditions from eq. (22) . Therefore the system is effectively described by a pressureless dust as shown in fig. 1 . In this case one haṡ λ ≃ Ae ψ from eq. (5), with A an integration constant. Subtracting eq. (6) from eq. (4), we find a simple relation,(e −ψ ) = E/2. Taking note that E is nearly constant (E ≃ E 0 ), the analytic solutions of eq. (4)- (6) in the Hagedorn regime may be written as
A and B are integration constants depending on the initial values forλ, ψ andψ. In particular
and d is the number of dimensions (we are now considering the case with d = D = 9). Notice that due to eq. (4),ψ 0 , and thus B, can not be taken to be vanishing. (4). We plot the evolution of r both using the analytic approximation (24) and the full numerical result, which show very good agreement each other.
In fig. 1 we plot the evolution of r that corresponds to the analytic solution (24) , together with the full numerical results. They show very good agreement, which implies that the Hagedorn regime is well described by a state with a constant energy and negligible pressure. This actually ensures the validity of the analytic estimation in ref. [12] discussed briefly in its Appendix.
As long asλ 0 is positive (negative), the radius grows (decreases) towards the asymptotic value
withṙ getting smaller with time (see fig. 1 ). We have checked this for values of r 0 very close to 1, up to r 0 = (1 + 1 × 10 −15 ), and found no substantial changes in behaviour. If one chooses exactly r 0 = 1, eq. (15) should be replaced by another similar relation, since now the two poles of order 18 in the β-plane approach each other to a single pole of order 36. The above results apply also in this case: the pressure is almost zero and the evolution of the system is very slow in time.
For initial values of E in the range E 0 ∈ [500, 5000], the dynamics of the system is practically the same as explained above. For initial energies E 0 > ∼ 1000 the scale factor is essentially constant in time. On the other hand the system is typically unstable for E 0 ≪ 1000 and not thermodynamically meaningful for such low values of E 0 .
Conservation laws
We can also address the question of what happens when conservation laws are taken into account. In the case of the toroidal compactification we consider, the conserved quantities are taken to be the total winding number N i and the KK momenta M i in each compact dimension (i = 1, . . . , 9). This is performed by introducing a chemical potential for each conserved charge [30] .
A crucial difference with respect to the previous case is that the leading singularity of the partition function, namely the Hagedorn temperature, is enough to study the thermal behaviour of the system. In particular, the leading singularity now depends on the compactification radius induced by the conservation laws. The entropy of such an ideal gas can be easily computed, yielding
We see that in eq. (27) there are two suppression terms with respect to the leading term β H E in eq. (15). This is expected, because eq. (15) counts states with all values of charges whereas (27) counts a smaller set of states in which the value of the charge is fixed. Moreover, the number of states decreases as M i or N i are increased, since less energy is available for the oscillators. The temperature and pressure obtained from the entropy (27) are:
The pressure vanishes if one imposes vanishing winding and KK charge, M i = N i = 0. The energy E evolves very slowly for E 0 of order 1000 in which case the radius r asymptotically approaches a constant value after some growth from r 0 ≃ 1, thereby showing similar behaviour to fig. 1 . When M i , N i = 0, due to presence of the E factor in the denominator of eq. (29), the system evolves similarly to the case M i = N i = 0, as long as the summation terms in eqs. (5) and (6) are unimportant. The dynamics changes if M i and N i are of order 10 5 , since the scale factor can have respectively a significant expansion or decreasing rate. As expected, winding modes prevent expansion, whereas KK modes, as standard matter, favorite it. As a last remark, notice that the string gas defined by eqs. (28) and (29) has a negative specific heat. Systems with negative specific heat are unstable in non-compact spaces, but actually can be in thermal equilibrium in a finite space. Along the lines of [31, 32] , we have evaluated the critical volume V c under which the system is in equilibrium and found that this is actually the case for V c ≫ 1, implying that the system can be actually in equilibrium with radiation. It should also be emphasized that this system is trustable as long as string corrections are completely neglected. When string interactions are included, the system is most likely to undergo a phase transition [33] whose details are so far unknown.
Almost-radiation regime
Assuming that some dimensions (d) start to expand while the remaining (9 − d) dimensions remain small by means of some mechanism, the system will eventually reach a temperature below the Hagedorn regime where the dynamics is mostly governed by massless states, i.e. radiation 5 . In this case, it is important to see the conditions under which the large dimensions continue to expand. At the same time, it is important to study whether the small dimensions remain small or if they also enter an expanding phase. Different from the Hagedorn regime discussed in the section 3, the microcanonical ensemble agrees with the canonical one for the range of temperatures and energy densities involved now. In the following we shall use the latter ensemble, which is more convenient for practical purposes.
Assuming again thermodynamical equilibrium and adiabatic evolution, we shall solve the dilaton-gravity equations (9)- (12), with E and P obtained from the free energy of a string gas at temperatures below T H . The entropy S is conserved with time under the assumption of adiabatic evolution:
Eq. (30) is solved by letting β and the scale factors λ i = log R i , be slowly varying functions of time [β → β(t), λ i → λ i (t)]. In this way one can derive a differential equation whose solution gives β = β(λ i ) with S =constant. We denote the radii of the large d dimensions, taken all equal, by R = e µ , whereas the radii of the (9 − d) small dimensions, again all equal, by r = e ν .
Pure radiation
As a first step, let us consider the case of pure radiation (see the Appendix for the free energy in the context of the canonical ensemble). The energy and pressure are easily evaluated from eq. (53) :
whereas the pressure P
(d)
rad for the d spatial dimensions is given by rad does not depend on r, the pressure along the small dimensions vanish:
From the adiabatic equation (30), we easily get the following relation
5 Notice that the system is already in an almost radiation regime for β > ∼ 11 and it is essentially governed by pure radiation only for β > ∼ 14, in string units.
relating the temperature and scale factor in a radiation-dominated universe, with β 0 and R 0 being initial conditions satisfying β(R 0 ) = β 0 . In this case the dilaton-gravity equations (9)-(12) readψ
together with the constraint equatioṅ
Eq. (37) is integrated to giveν
whereν 0 are ψ 0 are the initial values ofν are ψ. We see from eq. (39) that whenν 0 is positive (negative) the expansion rate for the small dimensions is always positive (negative). In order to avoid unbounded growth of the dilaton towards the strongly coupled regime (e Φ > ∼ 1), it is natural to consider the case with negativeψ. In this case the absolute value ofν decreases with time.
In the absence of the pressure P
rad in eq. (36), the evolution of the large dimensions is similar to that of the small ones. In the caseψ 0 < 0 andμ 0 > 0, we haveμ < 0 for P (d) rad = 0 from eq. (36) . This corresponds to the universe with expanding large dimensions with a decreasing Hubble rate. Numerically we found that the evolution of the system in this case is trivial, namely the large dimensions soon approach a nearly constant value with very smallμ.
When the pressure P
rad is taken into account, this works as a positive source term in eq. (36). Therefore it is possible to make the r.h.s. of eq. (36) positive even whenψ < 0 andμ > 0. We have made numerical simulations with initial conditions R 0 ≫ r 0 ∼ 1,ψ 0 < 0, and several different values ofμ 0 andν 0 . As long asμ 0 is positive, the large dimensions expand in the presence of the pressure due to radiation. The contribution of the pressure term in eq. (36) inhibits the rapid decrease ofμ, thereby leading to different evolution of R compared to the case with P (39)]. Therefore unless the initial value of |ν| is much larger than unity, the radius r can stay small around r ∼ 1.
We have numerically succeeded to obtain ideal solutions with growing R and small, roughly constant, r satisfying r ≪ R. One typical evolution is plotted in fig. 2 . These solutions can be achieved by choosing initial values withμ 0 > ∼ |ν 0 |, R 0 ≫ r 0 ∼ 1 andψ 0 < 0. Whenμ 0 ≪ |ν 0 | holds initially, it is difficult to keep the small dimensions small relative to the large ones. Iḟ µ 0 < 0, we haveμ 0 > 0 from eq. (36) . This leads to the growth of the expansion rateμ. Sincė µ continues to be negative by the time it crosses zero, the large dimensions contract during this stage. Afterμ changes sign, R begins to grow. This implies that bouncing solutions may be obtained ifμ 0 < 0. We have numerically found that this is actually the case, see fig. 3 . During the contracting phase, the temperature increases according to eq. (34). The temperature is maximum at the bounce where R is minimum. In the context of Pre-Big-Bang [5] or Ekpyrotic Cosmologies [8] , nonsingular bouncing solutions are difficult to construct unless loop or derivative corrections are added to the tree-level action [34, 35] . It is quite interesting to be able to obtain bouncing solutions only by including radiation in dilaton-gravity equations. It is worth investigating the asymptotic behavior of the dynamical system of eqs. (35)- (37), along the lines of [12] . Introducing new parameters,μ ≡ ξ,ν ≡ η,ψ ≡ f , and using the fact that the pressure in the large dimensions is connected to the energy E 
Since we are considering the case with decreasingψ, η asymptotically approaches zero from eq. (39), i.e. η = 0 is an attractive solution. In this case, the analysis is closely related with the one outlined in the Appendix of [12] . In particular one finds that the line described by
is an attractor. From eq. (3) the time-derivative of the dilaton is given as 2Φ = f + dξ + (9 − d)η. Therefore we haveΦ = 0 for the attractor (43), again in complete analogy to the case of the single scale factor [12] . Substituting eq. (43) for eq. (41) and integrating this relation, one finds
This indicates that the late time evolution for the large dimensions can be described by that of the standard radiation dominant phase in FRW cosmology for d = 3, even in the presence of the small dimensions. The key point is that the pressure in the small dimensions vanishes for the massless case, thereby leading to η = 0 as an attractor. Notice that a cosmological solution of this kind has been also obtained in standard General Relativity and in a purely Kaluza-Klein extra-dimensional scenario by [26] . We also analyzed the evolution of the system by varying the value of d, and found that the situation is not basically changed compared to the d = 3 case discussed above. As long as the initial conditions satisfyμ 0 > ∼ |ν 0 |, R 0 ≫ r 0 ∼ 1 andψ 0 < 0, the large dimensions continue to expand due to the presence of radiation while the small dimensions are kept to be small (r ≪ R). In this case the large dimensions asymptotically approach the radiation-dominant FRW solution (44). When the initial value ofμ is negative, we found that it is possible to have a bouncing cosmological solution that approaches the expanding FRW universe given by (44).
Inclusion of matter
Although massless states, pure radiation, dominate the thermodynamical ensemble in this phase, this dominant contribution has a trivial dependence on the small dimensions r. In particular, F mat along the large and small dimensions associated with these states are simply evaluated starting from the general expression (54). The equation of state for these leading order terms are:
where K n are modified Bessel functions, the prime denotes derivative with respect to r, and
Here D(0) 2 = 256 is a string degeneracy factor (see the Appendix). Note that we only consider the p = 1 term in eq. (54), implying the approximation of the bosonic/fermionic statistics with the Maxwell-Boltzmann distribution. The pressure P
(d)
mat along the large dimensions is always positive, which aids expansion of the universe in addition to the pressure P (d) rad from the massless states. The first and second terms in square brackets in eqs. (46) and (47) come from the KK and winding mode, respectively. The above equations (45)-(47) are all manifestly invariant under the duality symmetry (7) acting on the small dimensions, r → 1/r. Notice that the winding modes give rise to a standard positive pressure along the large dimensions (second term in (46)) but negative along the small ones (second term in (47)).
We numerically solved the dilaton-gravity equations (9)- (12), with
mat , by carefully taking into account the adiabaticity condition (30) . The pressure P (9−d) mat for the small dimensions vanishes at the self-dual critical radius r = 1. Therefore it is expected that the effect of the massive states for the small dimensions is weak around r ∼ 1. In fact we have numerically found that this is the case. As seen from the case (b) in fig. 4 , the evolution of the small dimensions is hardly altered by including the massive mode for the initial value of r very close to unity. From eq. (47) one notes that P (9−d) mat < 0 for 0 < r < 1 and P (9−d) mat > 0 for r > 1 (the asymptotic values are P (9−d) mat → 0 for r → 0 and r → ∞). This indicates that the pressure of the massive state makes the small dimensions contract for 0 < r < 1 while its effect tends to expand the small dimensions for r > 1.
The effect of the massive states emerges by choosing the initial values of r 0 that are slightly smaller or larger than unity. For 0 < r 0 < 1 withν 0 > 0, the small dimensions can be larger than r = 1 for large initial values ofν. In this case the small dimensions continue to grow after they cross r = 1. Whenν 0 is not large (ν 0 ≪ 1), the massive effect can lead to the contraction of the small dimensions due to the negative pressure for r < 1. As found from the case (c) in fig. 4 , the small dimensions always increase in the massless case, whereas the small dimensions begin to contract if the massive effect is included. Therefore we can keep the (9 − d) dimensions small (0 < r < 1) for these initial conditions. We have also made numerical simulations for r 0 > 1. Whenμ 0 > 0 andν 0 > 0, both large and small dimensions expand in the presence of positive pressures. Ifν 0 is largely negative, the small dimensions contract by passing through r = 1. Meanwhile, if |ν 0 | ≪ 1, the small dimensions can exhibit bouncing with r > 1, instead of crossing r = 1 [see the case (a) in fig. 4 ). This means that the radius r can grow in the presence of the massive states. Since the small dimensions continue to expand after the bounce, this is not an ideal case where the small dimensions stay small. Nevertheless the small dimensions can be made small compared to the large dimensions as long asμ 0 > ∼ν 0 . When the massive states are taken into account, this gives rise to an extra source term for the energy E in eq. (9) . Then |ψ 0 | gets larger compared to the pure massless case. Typically this leads to the suppression of the r.h.s. of eq. (10) via the e ψ term, thereby yielding the smaller expansion rateμ for the large dimensions. The large dimensions in the massive case grow slower relative to the massless case, as seen in fig. 5 . In addition, the massive effect suppresses the growth of β, i.e. the temperature decreases faster in the massless case.
As expected, the massive terms get smaller as the initial value of β is increased. For example, in the cases shown in fig. 4 and 5, the system is effectively described by the massless states for β 0 > 15. We also analyzed the behaviour of the system by varying the value d with 1 ≤ d ≤ 8. We found that the numerical results are quite similar to the case explained above (d = 4). As long as the conditions,μ 0 > ∼ |ν 0 | and R 0 > ∼ r 0 ∼ 1, are satisfied, the small dimensions are kept small, while the large ones expand as required in the presence of radiation and string matter. We have also considered the case with the conservation of KK and/or winding modes. Under this circumstance, the partition function must be taken summing only over the configurations that respect the conservation laws. As before, this is done by introducing a chemical potential corresponding to each conserved quantity in the partition function. It turns out that no significant changes are found compared to the case where no conservation laws are imposed.
Conclusions
We have studied string-gas cosmology at finite temperature in a toroidal universe. We make use of the dilation-gravity equations of motion, satisfying the R → 1/R duality symmetry, to study the evolution of the system, which is assumed adiabatic. Our set up is as follows: the universe, initially homogeneous, isotropic and in thermal equilibrium, is filled with an ideal gas of closed strings. The 9 spatial dimensions, compactified on a 9-torus, evolve adiabatically starting from a Hagedorn regime.
In order to find an acceptable equation of state that describes such a system in string theory at finite temperature, we evaluate the energy and pressure in a microcanonical approach. Close to the Hagedorn regime, the scale factor R exhibits a slow time evolution around R ∼ 1, as shown in fig. 1 . In this case the dynamics of the system is effectively described by a nearly constant energy and negligible pressure. We found that the analytic solution in the Hagedorn regime shows very good agreement with the full numerical result. No substantial changes are observed even when the conservation of Kaluza-Klein (KK) and winding modes is imposed, as long as the conserved charges are of order one.
We have also investigated a "low" temperature regime, in which the equation of state is derived in a canonical context. We first considered the dynamics of 3 "large" and 6 "small" compact dimensions in the presence of a pure gas of radiation (given by the massless states). It turns out, as expected, that there exist interesting cosmological solutions where the large dimensions continue to expand while the small dimensions remain nearly constant and small relative to the large ones (see fig. 2 ). The attractor solutions for the large dimensions can be described by the evolution of the standard radiation dominant phase in FRW cosmology whereas the small dimensions always asymptotically approach to a constant value. We also found bouncing solutions for the large dimensions if their Hubble rates are negative initially (see fig. 3 ).
We then analysed the case where the massive string states are taken into account in addition to the pure radiation. The presence of the massive states typically leads to a slower expansion of the "large" dimensions relative to the massless case (see fig. 5 ). Meanwhile the behaviour of the small dimensions strongly depends on the initial conditions for r andṙ, resulting in either expansion or contraction of the small dimensions (see fig. 4 ). The radius r can be kept small as long as r is initially close to unity, since the pressure vanishes at the duality symmetric radius (r = 1). The vanishing of the pressure at r = 1 is a purely stringy effect, since it is due to winding modes, whose negative contribution compensates that of KK states. The important point is that, even in the presence of the massive state, there exist a wide range of the initial condition space for which the small dimensions are stabilized around the self-dual radius and are kept small relative to the large ones. These behaviours are found to be insensitive to the number of large dimensions, d. We also considered the case for the conservation of KK and winding modes and found no substantial change compared to the case without imposing the conservation laws.
In this work we did not investigate the later stage of the cosmological evolution. From the view point of cosmology, it is important to have an inflationary stage in order to solve the major cosmological problems (such as the flatness problem) as well as to generate the seeds for large-scale structure. One way to address this problem is to assume that the dilaton (or moduli) acquires mass, which may lead to inflation at later stages. Recently, for example, an interesting proposal was made by Parry and Steer [36] , who showed that inflation can occur on a moving 3-brane due to the nonminimal coupling of the dilaton to the brane matter. It was also shown in ref. [37] that brane inflation could result from the negative pressure of winding modes. Although it is not clear at present whether these proposals are directly applicable to our string-gas work, it is certainly of interest to extend the present analysis in that direction.
APPENDIX : The one-loop string partition function
A thermal canonical partition function at temperature T can be computed in the Euclidean approach by compactifying the time direction on a circle of length β = 1/T . We are then led to consider Type IIA/B string theory with all ten space-time directions compactified. For simplicity, we take the tori to be all rectangular (i.e. simple products of circles) and compute the free energy for the case in which (9− d) spatial dimensions are compactified on small radii all equal to a common value denoted r, whereas the remaining d directions are taken very large, and all equal to R. The free energy, after having unfolded the fundamental region of the world-sheet torus, takes the following form (see e.g. [38] ):
represents the contributions of the whole KK and winding modes along the small dimensions, τ is the so-called modular parameter of the world-sheet torus and q = exp(2iπτ ). In deriving eq.(49) the winding modes along the large dimensions have been completely neglected and the sum over the KK modes has been approximated by an integral over continuous momenta. Note that p in eq.(49) runs only over positive odd numbers and correspond to taking the correct quantum statistic for bosons and fermions. Taking only the term p = 1 in the above sum corresponds to replacing the quantum bosonic/fermionic distribution with the classical Maxwell-Boltzmann distribution. V d is the volume of the large dimensions in (4π 2 ) units 6 :
The M 2 factor in eq. (49) encodes the contribution to the free energy of the whole tower of massive strings, and can be expanded in powers of q:
Here θ 2 and η are modular functions on the torus (see e.g. [39] for an explicit expression) and D(N ) is the degeneracy factor at level N (D(0) = 16, for example). The value of N corresponds to each string mass level. The τ 1 and τ 2 integrals in eq. (49) can be easily performed. It is convenient to consider the term with N =N = m i = n i = 0 in eq. (49) separately from the remaining ones. This is the contribution of the purely massless states, which we will henceforth denote as F rad (where "rad" stands for radiation). We get
where ξ(x) is the Riemann zeta-function. The remaining "matter" terms give 
The total free energy is given by
The infinite sum over N andN is not always convergent. In fact, the degeneracy factors D(N ), for large values of N , have a leading exponential behavior D(N ) ∼ exp(2π √ 2N ). On the other hand, for large values of its argument, the modified Bessel function K n (z) admits an asymptotic expansion whose leading term is ∼ exp(−z). Hence, the sum over N andN in eq. (54) converges only for β > β H = 2π √ 2. The temperature T H = 1/β H is the Hagedorn temperature. As long as we deal with a range of energies where eq. (49) converges and no large energy fluctuations are present, we can work with the canonical ensemble. On the other hand, for high energy densities a microcanonical description has to be used. In this case the energy density of states is governed by the analytic structure of the canonical partition function Z = exp(−βF ), in the complex β-plane. Taking into account the leading singularities of (49), we can parametrize the partition function as
where η K and η W are defined by eq. (16) with β K = β H − η K and β W = β H − η W . Λ(β, R) is an entire function in β. The microcanonical energy distribution function Ω(E), is then given by
where C H , C K and C W are the three contours encircling respectively the poles in β H , β K and β W in the complex β-plane. The entropy and the rest of the thermodynamical quantities easily follow from eq. (58).
